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1 General description of the work

The thesis is devoted to three-body antikaon-nucleon systems, which
are exotic objects containing nucleon(s) and antikaon(s). An inter-
est to such exotic systems rose recently after the statement [21, 22]
that deep and narrow quasi-bound states can exist in the K̄NN and
K̄NNN systems. We performed a series of calculations devoted
to different properties of the K̄NN and K̄K̄N systems [1]–[20].
Namely, quasi-bound states in K−pp and K−K−p were investigated,
the low-energy elasticK−d scattering amplitudes and the lowest level
of the kaonic deuterium were evaluated. Three-body Faddeev-type
equations, exactly describing three-body dynamics, were solved with
accurate two-body potentials. A special attention was given to the
”main” antikaon-nucleon interaction, several models of the interac-
tion were constructed.

Dynamically exact Faddeev-type Alt-Grassberger-Sandhas(AGS)
equations [23] were solved for the states and processes mainly caused
by strong interactions. Since the K̄N interaction is coupled to the
πΣ channel, the three-body system of the coupled K̄NN and πΣN
channels was investigated, and the original AGS formalism was ex-
tended accordingly. Two methods of looking for a pole position in
the complex energy plane were used. The first one is the obvious
direct search in the complex plane. One more, a 1/|Det(z)|2 method
was suggested and used in [8, 10]. It was demonstrated that the
second method is accurate enough for relatively narrow and clearly
pronounced resonances. The exotic atom, kaonic deuterium, was
studied using some version of Faddeev equations [24], which allows
to include Coulomb interaction into the consideration.

We constructed models of all two-body interactions being the in-
put for the three-body equations, except the NN potential. The
reason is the fact that existing models of K̄N and ΣN interactions
were too complicated to be used in few-body calculations or not ac-
curate in reproducing two-body experimental data. Several versions
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of the potentials were constructed. In particular, we chose different
forms of the antikaon-nucleon potential and fitted their parameters
to the experimental data: the accurately measured threshold branch-
ing ratios, elastic and inelastic low-energy K−p cross-sections, and
1s level shift and width of kaonic hydrogen (which, sticktly speaking,
is the “antikaonic hydrogen”).

A shift and a width of the 1s level of the atom are caused by the
strong interaction being additional to the Coulomb one. The first
versions of our K̄N potentials, constructed and used in [3, 13, 14, 15]
were fitted to the KEK data on kaonic hydrogen [25]. After appear-
ance of more accurate data from the SIDDHARTA collaboration [26],
the parameters were refitted. Most authors of the antikaon-nucleon
potentials do not reproduce the shift and the width directly, but
through a simple Deser-like formula [27]. The formula connects the
characteristics of a mesonic atom with the scattering length of the
strong interaction, leading to the shift. It was demonstrated by sev-
eral authors (e.g. by us in [3]) that the formula, which was derived
for the πN system, gives error ∼ 10% for the K̄N interaction. Our
K̄N potentials reproduce the data on kaonic hydrogen directly.

An opened question of the antikaon-nucleon interaction is the na-
ture of the Λ(1405) resonance, which couples the higher K̄N channel
with the lower πΣ channel. There are two versions of the structure
of the resonance: the first says that it is a single pole, correspond-
ing to a resonance in πΣ and a quasi-bound state in K̄N . Another
one came from chirally based models, which have two such poles.
Due to this we constructed three models of the antikaon-nucleon
interaction: phenomenological K̄N − πΣ potentials with one- and
two-pole structure of the Λ(1405) resonance and a chirally motivated
K̄N −πΣ−πΛ potential, which has the two-pole Λ(1405) resonance
structure by construction. All three models describe the low-energy
antikaon-nucleon experimental data with equally high level of accu-
racy.

The remained potentials, specially constructed for the three-body
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calculations, are: the ΣN potential, which is coupled to the ΛN
channel in the I = 1/2 isospin state, and the K̄K̄ potential. Ex-
perimental information on the ΣN interactions is more scanty than
on the antikaon-nucleon one, and is simply absent in the case of
the interaction of two antikaons. Due to this the parameters of the
I = 1/2 ΣN − ΛN and I = 3/2 ΣN potentials were fitted to the
existing experimental data, while the phenomenological K̄K̄ poten-
tial was constructed using phase shifts provided by some theoretical
model. The nucleon-nucleon potential is known very well, it was
taken from other papers. Several versions of all potentials were used
in our three-body calculations.

Our calculations of the K−pp quasi-bound state [1, 2, 12], being
among the first ones, were repeated later [8] with more advanced
antikaon-nucleon potentials. The binding energy and the width of
the state were predicted for the three K̄N potentials. Investigations
of the quasi-bound state in the K−pp system were also performed by
other authors. All theoretical results agree on the fact that the quasi-
bound state really exists. But since different methods were used
for description of the three-body dynamics with various two-body
inputs, the obtained theoretical results differ significantly between
themselves.

The question of the quasi-bound state in the K−pp system is far
from being settled also from experimental point of view. The first
experimental evidence of the quasi-bound state existence occurred in
the FINUDA experiment at the DAΦNE e+e collider [28]. Recently
performed new analyses of old experiments: OBELIX at CERN [29]
and DISTO at SATURNE [30], - also claimed the observation of the
state. However, there are doubts, whether the observed structures
really correspond to the quasi-bound K−pp state. The experimental
results differ each from other in the same way as the theoretical
ones. Moreover, all the experimentally predicted binding energies
and widths of the K−pp quasi-bound state are far from all theoretical
predictions.
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Keeping in mind unclear experimental situation with the K−pp
state, we also investigated another state of the lightest K̄NN system,
namely K−d. In comparison with K−pp, the K−d system has an
advantage since a process of two-body scattering of an antikaon on
a deuteron can be calculated and measured. Moreover, a kaonic
deuterium (the “antikaonic” deuterium), an exotic atom caused by
Coulomb interaction, exists, and its 1s level shift and width can be
measured.

First we checked, whether a quasi-bound state caused purely by
strong antikaon-nucleon interaction, similar to that one in K−pp, ex-
ists in the K−d system. The result was negative for all three K̄N po-
tentials. Then near-threshold K−d scattering amplitudes, including
the scattering length, were calculated. Unfortunately, experimental
data at such low energies hardly can be accurate enough, so compar-
ison of the obtained results with eventual experiment is not possible.
Due to this we used the evaluated K−d amplitudes for approximate
calculations of the characteristics of kaonic deuterium, which can be
measured directly. Namely, two-body antikaon - deuteron poten-
tials with parameters fitted to the K−d amplitudes were used in the
Lippmann-Schwinger equation together with Coulomb potential. In
such a way the shift and width of the 1s level of kaonic deuterium
were predicted.

The study of the K−d system was performed with the phe-
nomenological K̄N potentials reproducing the KEK data on kaonic
hydrogen first [4, 16]. After publication of the new data on the
atom by SIDDHARTA collaboration, we refitted our potentials and
repeated the three-body calculations [5, 6]. Finally, the chirally mo-
tivated K̄N potential was constructed [17], and the properties of
the K−d system were re-investigated with the three actual antikaon-
nucleon potentials [7, 18, 19].

At the next step we performed dynamically exact calculations of
the characteristics of kaonic deuterium [9]. Some version of Faddeev
equations with Coulomb and strong interactions [24] was solved with
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simple complex antikaon-nucleon potentials. The dynamically exact
1s level shift and width, predicted in such a way, turned out to
be quite close to those, obtained using the two-body approximation
with the same input interactions.

Finally, we studied a three-body system, consisting of a nucleon
and two antikaons, K̄K̄N [10]. The AGS equations with coupled
K̄K̄N and K̄πΣ channels were solved with the three actual antikaon-
nucleon potentials: one-pole, two-pole phenomenological potentials
and the chirally motivated one. The quasi-bound state was found
in the K−K−p system with smaller binding energy and larger width
than that one in the K−pp system.

Since all three-body calculations [11, 20] were performed with
different versions of two-body interactions, we studied influence of
the two-body input on the three-body results. We also performed
several approximate calculations, in addition to the exact ones, in
order to investigate an accuracy of the usually used approximate
approaches.

Our calculations are connected with the actual experiments. In
particular, the question of the possible existence of the quasi-bound
state in the K−pp system is still highly uncertain, therefore, new
experiments are being planned and performed by HADES [31] and
LEPS Collaborations [32], and in J-PARC [33]. Characteristics of
kaonic deuterium hopefully will be measured by the SIDDHARTA-2
experiment at DAΦNE [34].

2 Structure of the thesis

The thesis consists of the original papers (included into Section 8)
preceded by a structured description (Sections 1-7). The descriptive
part is necessary especially for the papers devoted to the K̄NN sys-
tem since during our work theoretical and experimental knowledge
on K̄N interaction had been changed. Due to this several versions of
the antikaon-nucleon interaction models were constructed and used

8



in the three-body calculations. However, such repeated calculations,
namely of the quasi-bound states in the K−pp system or of the K−d
elastic scattering, does not mean simple usage of a new version of
potentials only, but also something new.

The first Section of the thesis is introductory. The second Sec-
tion is devoted to the two-body interactions, being the input for
the three-body calculations. First, the experimental data on the
antikaon-nucleon interaction are presented. Then the three versions
of the K̄N potentials, constructed for the three-body calculations
and reproducing the experimental data, are described. Finally, sev-
eral constructed models of the ΣN(−ΛN) and K̄K̄ interactions are
presented together with two versions of the NN interaction, used in
the calculations.

Faddeev-type Alt-Grassberger-Sandhas equations with coupled
channels, which were used for three-body calculations with purely
strong interactions, are described in Section 3. The K̄NN − πΣN
and K̄K̄N−K̄πΣ systems with different quantum numbers are con-
sidered.

Section 4 is devoted to the quasi-bound states in the K−pp, K−d,
and K−K−p systems, caused by the strong interactions. First, two
ways of the quasi-bound state search are described: the direct search
in the complex energy plane and the 1/|Det(z)|2 method of searching
for an under-threshold resonance in a system with coupled channels.

The exact results for the K−pp system are discussed and com-
pared with the approximate ones in Section 4.2. The search of a
quasi-bound states in the K−d system gave negative results, the
reason is explained in Section 4.3. Finally, the characteristics of the
quasi-bound state in the K̄K̄N system (K−K−p) are compared with
those for the K̄NN system (K−pp). Possibility of assosiating the
predicted K̄K̄N quasi-bound state with experimental data on the
Ξ(1950) state [35] is discussed.

The near-threshold K−d scattering is considered in Section 5.
First, dynamically exact calculations of the low-energy amplitudes,
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including the K−d scattering length, are described. Second, several
approximate methods, usually used by other authors, are checked.

Section 6 starts with the description of approximate calculations
of the kaonic deuterium. These calculations of the 1s level shift and
width of the atom were performed with a two-bodyK−−d potentials,
which reproduces the elastic three-body K−d amplitudes, discussed
in Section 5. Section 6.2 contains information on the dynamically
exact calculations of the atom. The Faddeev-type equations with
Coulomb plus strong interactions are described there. The obtained
exact results are compared with the approximate ones, and an ac-
curacy of the approximation is demonstrated.

Conclusions are given in Section 7, and the original papers are
included in the last Section.

3 Resumé

The series of our exact or accurate calculations reported in [1]–
[20] was devoted to the three-body antikaon nucleon systems, in-
teresting exotic objects which could provide an important infor-
mation about the antikaon nucleon interaction. Dynamically exact
three-body Faddeev-type AGS equations with coupled channels were
solved for investigation of different states and processes in the K̄NN
and K̄K̄N systems. Namely, quasi-bound states were predicted in
K−pp and K−K−p, their binding energies and widths were calcu-
lated; no quasi-bound state caused by strong interactions was found
in the K−d system. The scattering lengths of the K−d system, the
effective ranges and elastic near-threshold K−d amplitudes were also
evaluated. Finally, the 1s level shift and width of kaonic deuterium
were predicted using two methods: the accurate two-body approxi-
mation and the exact Faddeev calculation with Coulomb interaction.

Different versions of the K̄N , ΣN , and K̄K̄ potentials were con-
structed and used in the three-body calculations. It allowed inves-
tigation of the dependence of the three-body results on two-body
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input. In particular, three models of the antikaon-nucleon interac-
tion were constructed: phenomenological K̄N − πΣ potentials with
one and two-pole structure of the Λ(1405) resonance and the chirally
motivated K̄N − πΣ− πΛ potential. All three potentials reproduce
low-energy experimental data on K−p scattering (the cross-sections
and the threshold branching ratios) and the kaonic hydrogen with
equally high accuracy.

It was found that while the quasi-bound state position strongly
depends on the model of the K̄N interaction, the near-threshold ob-
servables (K−d scattering length, 1s level shift and width of kaonic
deuterium) are almost insensitive to it. Therefore, some conclusions
on the number of poles of the Λ(1405) resonance and on the energy
dependence of the K̄N interaction could be done only if a high accu-
racy measurement of K−pp binding energy and width will be done.
While dependence of the three-body results on the K̄N potentials is
different for the different systems and processes, dependence of the
three-body results on the NN and ΣN interactions is weak in all
cases.

Additionally performed approximate calculations demonstrate an
accuracy of commonly used approaches. Comparison of the exact
results with some approximate ones revealed the most accurate ap-
proximations. Namely, the one-channel Faddeev calculations give
for the K−pp quasi-bound state results, which are very close to the
coupled-channel calculations if the exact optical K̄N potential is
used. This fact gives a hope for four-body calculations, which are
already very complicated without additional coupled-channel struc-
ture. It is necessary to note that the ”exact optical” potential here is
defined as the energy dependent potential, which exactly reproduces
the elastic amplitudes of the corresponding potential with coupled
channels.

As for the kaonic deuterium, influenced mainly by Coulomb in-
teraction, the shift and width of its 1s level, caused by the strong
interactions, is described quite accurately by our two-body approx-
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imation. The strong K− − d complex potential should herewith
reproduce the exact elastic three-body K−d amplitudes, and the
Lippmann-Schwinger equation must be solved exactly with Coulomb
plus the strong potentials.

The suggested 1/|Det(z)|2 method of theoretical evaluation of an
underthreshold resonance position and width is accurate for rather
narrow and well pronounced resonances. It works well for the K−pp
quasi-bound state. The method could supplement the direct search
of the pole, providing the first estimation and working as a control.
It is free from the uncertainties, connected with the calculations on
the complex plane, but needs to treat the logarithmic singularities
in the kernels of the integral equations.

4 Presentation of the results

The results were published in 20 scientific papers, listed below. Two
of them have 100+ citations, another two are cited by Particle Data
Group. Nine papers are conference contributions published in refer-
eed journals, one more is a review.

The results were also presented at 13 international conferences
and 11 workshops, such as:

– 18th International IUPAP Conference on Few-Body Problems
in Physics (Santos, São Paulo, Brazil, August 21–26, 2006),

– IX International Conference on Hypernuclear and Strange Par-
ticle Physics (Johannes Gutenberg-Universität Mainz, Germany, Oc-
tober 10–14, 2006),

– International Conference on Exotic Atoms (EXA 2008) (Vi-
enna, Austria, September 15–18, 2008),

– The 10 International Conference on Hypernuclear and Strange
Particle Physics (“Hyp-X”) (“RICOTTI” in Tokai, Ibaraki, Japan,
September 14–18, 2009),
and others.
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Faddeev calculations of the K̄NN system with chirally-
motivated K̄N interaction. I. Low-energy K−d scattering and

13



antikaonic deuterium.
Phys. Rev. C 90, 034003 (2014)
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Phenomenological K̄N interaction with isospin-breaking ef-
fects.
Hyperfine Interact. 193, 229-235 (2009)

14



[15] N.V. Shevchenko, J. Révai:
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